We present plane algebraic curves that have segments of points for which non uniform self-similar measures get singular. We calculate appropriate points on the curves using Mathematica. These points are in the parameter domain where we generically have absolute continuity of the measures, see [9, 11] .
Introduction
The study of self-similar Borel probability measures on the real line is a classical subject in geometric measure theory. It is known that uniform self-similar, usually called Bernoulli convolutions, are generically absolutely continues with density in L 2 , see [17, 14, 13] , and are even equivalent to the Lebesgue measure [7] . On the other hand there is a result of Paul Erdös [3] , that Bernoulli convolutions get singular for certain algebraic numbers (the reciprocals of Pisot numbers) and have Hausdorff dimension less than one [6] . We consider non-uniform self-similar measures on the real line, given by similitudes with different contraction rates. In [9, 11] we proved results on absolute continuity and density of these measures which hold generically in appropriate parameter domains. Moreover we proved the existence of certain plane algebraic curves with points such that the corresponding self-similar measures get singular and have Hausdorff dimension less than one in the domain of generic absolute continuity [10] . This result on singularity of non-uniform self similar measures is merely an existence theorem without examples of such curves and points on them. Here we present a sequence of plane algebraic curves and prove that each of them has a segment of points for which non uniform self-similar measures get singular with respect to Lebesgue measure and have Hausdorff dimension less than one. In addition we use Mathematica to calculate points on algebraic curves of degree four, five and six. For these points in the domain of generic absolute continuity self-similar measures are singular. We are able to compute upper estimates of the Hausdorff in this exceptional case. Acknowledgment Special thanks to Antonios Bisbas for valuable discussion and his help.
Rigorous results on non-uniform self-similar measures
For β 1 , β 2 ∈ (0, 1) consider the contractions T 1 , T 2 : −→ given by
These maps induce a contracting operated T with
on the compact metric space of Borel probability measures on an interval with the Prokhorov metric. By Banach's fixed point theorem there is an unique non-uniform self-similar Borel probability measure µ β 1 ,β 2 on the real line fulfilling
compare [5] . By decomposing this measure into singular and absolute continuous part and using uniqueness we immediately have that µ β 1 ,β 2 is of pure type, either singular (µ β 1 ,β 2 ⊥ ) or absolutely continues (µ β 1 ,β 2 ) with respect to the Lebesgue measure . Moreover it is possible to show that absolute continuity of self-similar measures implies equivalence to Lebesgue measure (µ β 1 ,β 2 ∼ ), see [13] . To formulate the main result on properties of µ β 1 ,β 2 and for further use we remind the reader on the definition of Hausdorff dimension of a Borel measure µ,
where the Hausdorff dimension of a set B is given by
For an introduction to dimension theory we recommend [4] and [15] . If dim H µ < 1 we have that µ is singular with respect to Lebesgue measure. Dimension is hence a useful tool to prove singularity of measures. With these notations we state:
Theorem 2.1. For β 1 , β 2 ∈ (0, 1) with β 1 β 2 < 1/4 the measure µ β 1 ,β 2 is singular with
It is absolutely continues with respect to Lebesgue measure for almost all β 1 , β 2 ∈ (0, 0.649) with
We proved this result in [9] , and independently it was proved a bit later by Ngau and Wang [8] .
The upper bound 0.649 is due to the techniques of the proof. Computational results show that the bound can be extended to 0.66, see [16] . We conjecture that it can be replaced by one, but this conjecture seems to be difficult to prove. Also theorem 2.1 leaves the challenging question open, if there are exceptional pairs (β 1 , β 2 ) ∈ (0, 1) with β 1 β 2 > 1/4 such the µ β 1 ,β 2 is singular. In fact a classical result of Paul Erdös [3] shows that the Bernoulli convolutions, which are uniform self-similar measures µ β,β , are singular if β ∈ (0.5, 1) is the reciprocal of a Pisot number (an algebraic integer with all its Galois conjugates inside the untie circle). Examples of such numbers are the real solutions of the algebraic equations
for n ≥ 2. We consider here similar algebraic curves given by
We prove the following analogue of Erdös result in the last section of this paper We conjecture that the result on singularity is as well true for n = 2 and n = 3. In this case the curve F n (x, y) = 0 in the square (0, 1) 2 is far away form the critical curve x y = 1/4. The dimension estimate we use to prove singularity is not strong enough in this situation.
In the next section we use Mathemmatica to compute appropriate points on the curves for n = 4, 5, 6 and estimate the Hausdorff dimension of self-similar measures for these points.
Computational results
We use Mathematica to compute solutions (x, y) ∈ (0, 1) 2 of the equations F n (x, y) = 0 for x ∈ {0.001t|t = 0 . . . 500} and checked computational whether x y > 1/4 and D n x, y < 1. As mentioned above for n = 2 and n = 3 there are no solutions with this condition. Our computational result on appropriate solutions of F 4 (x, y) = 0 are summarized in the following table: Table II Our results on appropriate points on the curve F 6 (x, y) = 0 are contained in the following table:
x y x y D Table III Again the points are in the domain of generic absolute continuity of self-similar measures.
Proof of the result
Define a map π from {1, 2} to by
Let b be the Bernoulli measure (1/2, 1/2) on {1, 2} . We have µ β 1 ,β 2 = π(b) since π(b) fulfillers the self-similarity relation defining µ β 1 ,β 2 , see [9] . Furthermore define π n by the finite sums
For our purpose here we need the following proposition very similar to theorem 3.1 of [10]
Proposition 4.1. If π n (s) = π n (t) for finite sequences s, t ∈ {1, 2} n with s = t we have
Proof. Define a sequence of partitions P m of {1, 2} by π m (s) = π m (t). Let P m (s) be the partition element that contains the sequence s and let H(P m ) be the entropy of this partition. Using lemma 4 of [6] based on Shannon's local entropy theorem we get lim inf
for almost all sequences s with respect to the Bernoulli measure b. Note that by the assumption π n (s) = π n (t) we have H(P n ) ≤ log(2 n − 1). Now we are prepared to proof the main result of this paper:
Now define intervals by
Proof of theorem 2.2. Applying proposition 4.1 for sequences s = (1, 2 . . . , 2) and t = (2, 1, . . . 1) of length n we conclude that the relation
Hence to prove theorem 2.2 we have to show that there is a segment of the curve given by
for the points (x, y) of this segment. Consider
We first show that C n is a smooth curve in (0, 1) 2 . If (x, y) is a singular point of F n (x, y) we have
Since F n (x, y) = 0 this implies x y f n (x) + x y f n ( y) = 0 and if x y = 0 we get f (x) = − f ( y). This gives
which obviously does not hold for x > 0. Hence there are no singular points in (0, 1) 2 , which implies that C n is smooth and especially continuous, see [2] . Now we show that C n intersects the graphs of on the intersections imply that there exists curve segments S n ⊆ C n such that for all (x, y) ∈ S n relation (1) is satisfied. This completes the proof.
